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Abstract 


In this paper, we define ^-derivations, and study some properties of w-derivations, 
with its properties we can structure a new n-ary Hom-Nambu algebra from an n-ary 
Hom-Nambu algebra. In addition, we also give derivations and representations of 
n-ary Hom-Nambu algebras. 
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1 Introduction 

Leibniz n-algebras were introduced by Casas, J. M. in [2], n-ary Hom-Nambu algebra 
is a generalization of the Leibniz n-algebra. An n-ary Hom-Nambu algebra is a triple 
(g, [•,•■• ,■],«) consisting of a vector space g, a multilinear map g x x g —i g 


n 


and a family a = (a;)i<i<n-i of linear maps : g —> g, satisfying 


l<Kn-l 


[Cl? ? %n\i Op(?/l), , 1 ijjn— l)] 


n 



i =1 


When oii = id, it becomes a Leibniz n-algebra. For n = 2, one recovers Hom-Leibniz 
algebras, the specific content about Hom-Leibniz algebras can be seen in [1,3]. 

In this paper, the main result is to study ^-derivations of a vector space, and how to 
structure a new n-ary Hom-Nambu algebra. In addition, we also introduce the derivations 
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and representations similar with n-ary multiplicative Hom-Nambu-Lie superalgebras and 
n-Lie superalgebras in [4,6] as its application. 

The paper is organized as follows. In section 2, we give the definition of n-ary Hom- 
Nambu algebra and some examples. The definition of derivation is extended to n-ary 
Hom-Nambu algebras from Horn-Lie algebras, and all derivations structure a Horn-Lie 
algebra in section 3. The most important part is section 4, we define cu-derivations, 
and study some properties of ca-derivations. We can structure a new n-ary Hom-Nambu 
algebra from a (kn + l)-ary Hom-Nambu algebra with these properties. In section 5, we 
also give representations of n-ary Hom-Nambu algebras. 


2 n-ary Hom-Nambu algebra 

Definition 2.1. [2] A Leibniz n-algebra is a pair (g, [•,••• , •]) consisting of a vector space 
g and a multilinear map , -] : g x - - • x g —> g, satisfying 


[[•£]-, ' ' ' > X n ], Vl, J Vn—l] 

n 

^ ^ [Xl 1) \Xi, Vl i ' j Vn— l] i %i+l i ' ' ' i X n \ • 


i= 1 


Definition 2.2. [7] An n-ary Hom-Nambu algebra is a triple (g, [•,••• , •],«) consisting 
of a vector space g, a multilinear map [•,•••,■] : g x • • • x g —* g and a family a = 


(<n)i<i<n-i of linear maps cq : g —* g, satisfying 

) X n ], C^l(j/l)) > OL n ~ i {gjn— l)] 

n 

^ ^ [Ol (^l), , Oli —1 (Xi— 1), [Xj, y\ 1 1 |/n—l] i OLi , , CX-n —1 (^n)] • 

i= 1 

An n-ary Hom-Nambu algebra (g, [•,••• , •], a) is multiplicative, if a = (cq)i<i< n -i 
with cni — ■ • ■ — o : n -1 = a and satisfying 

a{[x 1, • • • ,x n }) = [a(x 1), • • • ,a(x n )],Vx u x 2 , ■ ■ ■ ,x n e g. 


( 2 . 1 ) 


If the n-ary Hom-Nambu algebra ( 0 , [■,■•• , •], a) is multiplicative, then the equation 
(2.1) can be read: 


[[^1 j' ■ j x n , 0 ( 7 / 1 ),' ■ ■ j OL[y n — 1 ) 


n 

'y ^ \pt (*^l) j ' ' ’ j Oi(Xi— 1) , \Xi, yi , , l/n.—i], Oi (s^i+l), ' ' , Cy^n)] • 

i =1 


( 2 . 2 ) 
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Definition 2.3. [5] A Hom-Lie algebra is a triple ( 0 , [*, consisting of a vector space 
g 7 a bilinear map (bracket) [•, -] 0 : 0 x 0 —> 0 and a map a : 0 —» 0 satisfying 

[x,y] = -[y,x], 

[oi(x), [y, z]] + [a(y), [z, x]] + [a(z), [x, y ]] = 0 , Vx, y,zEg. 

Definition 2.4. [5] Let ( 0 , [•, -],a) be a Hom-Lie algebra. Then I is a Horn-ideal of g, if 
I satisfies [/, 0 ] C I and a(I) C I. 

Definition 2.5. Let ( 0 , [-,••• , •], a) and (g , [-,••• , •]', a) be two n-ary Hom-Nambu al¬ 
gebras, where a = (aj)i<i<n-i and a = (cOi<i<n-i- A linear map f : 0 —> 0 is an n-ary 
Hom-Nambu algebra morphism if it satisfies 

f[xi,--- ,x n ] = [f(x i),--- ,/(.r n )]'. 

/ o fli = a'i of,Vi = 1 , • • • ,n - 1 . 

Example 2.6. Let ( 0 , [•,••• , •]) 6 e a Leibniz n-algebra and let p : 0 —>• 0 6 e a Leibniz n- 
algebra morphism. Then ( 0 , p° [•, • • • , •], p) is a multiplicative n-ary Hom-Nambu algebra. 

Proof. Put -\ p := p o [-,-•■ , •]. Then 

p[x 1 , • • • , a; n ] p = p(p[xi, • • • , x n ]) 

=p[p(xi),-- - , p(x n )\ 

= [p( x i),--- ,p(x n )] p . 

Moreover, we have 

[[^ 1 , ’ - * ,X n ]p,p(yi),-‘- ,p(Vn-l)]p 

=P[[X 1 , • • ‘ , I n ]p, P(j/l), • • * , p(Vn- 1)] 

=p[p[xi, • • • , X n _i], p(j/i), • • • , p(?/n-l)] 

P [[*^1 ) ’ ' ■ 1 x n ], yi, , y n ~ 1 ] 

n 

—P ^ ) [ x ii 2/1 ? ? Vn— l]j 5 x n\ 

i— 1 
n 

= ^2[p( X l)i * * * > 3/l»-, 2/n-lU •** , POn)]p- 

i=l 

Therefore, ( 0 , p 0 [-, • • • , •], p) is a multiplicative n-ary Hom-Nambu algebra. □ 

Similarly, we have 

Example 2.7. Let ( 0 , [■,■•• , •],«) be a multiplicative n-ary Hom-Nambu algebra and let 
(3 : 0 —» 0 be an n-ary Hom-Nambu algebra morphism. Then ( 0 , ft o [•,•••,•], (3 o a) is a 
multiplicative n-ary Hom-Nambu algebra. 
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3 Derivations of n-ary Hom-Nambu algebra 


Let (g, , -] g , a) be a multiplicative n- ary Hom-Nambu algebra. For any nonnegative 

integer k, denote by a k the fc-times composition of a, i.e. 

a k = a o ■ ■ ■ o a (k — times). 

In particular, a 0 = Id and a 1 = a. 

Definition 3.1. For any nonnegative integer k, a linear map D : g —>■ g is called an 
a k -derivation of the multiplicative n-ary Hom-Nambu algebra (g, [•,■•• , -] 0 , a), if 

[D, a] — 0, i.e. Doa = aoD, 

and 

n 

D[x i, — , x n ] 0 = ^[a fe (xi), • • • , D(xi), • • • , o fe (xi)] 0 . 

i —1 

Denote by Der QS (g) is the set of o s -derivations of the multiplicative n-ary Hom- 
Nambu algebra (g, [•,••• , -] 0 ,a). For any D G Der Q fc(g) and D G Der QS (g), define their 
commutator [D, D } as usual: 

[D,D'] = DoD' -D' oD. 

Lemma 3.2. For any D G Der Q fc(g) and D' G Der Qii (g), we have 

[D, D'] g Der a fc+ S (g). 


Denote by 

Der(g) = © fc > 0 Der afc (g). 

By Lemma 3.2, obviously we have 

Proposition 3.3. With the above notations, (Der(g), [•, -],a) is a Horn-Lie algebra, with 
a (D) = D o a. 


At the end of this section, we consider the derivation extension of the multiplicative 
Hom-Leibniz algebra (g, [-, -] 0 ,q:) and give an application of the ce-derivation Der Q (g). 

For any linear map D : g — > g, consider the vector space q®RD. Define a multilinear 
bracket operation[•, -] 0 on g © RD by 

[xi + mD, x 2 + nD] D = [xi, x 2 ] fl + mD(x 2 ) - nD(x i) Vxi, x 2 G g. 

Define a linear map a : g © RD —» g © RD by a (x i + mD) = a(xi) + mD, i.e. 
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Proposition 3.4. With the above notations, if (g (B RD,[-,-] D , a) is a multiplicative 
Hom-Leibniz algebra, then D is an a-derivation of the multiplicative Hom-Leibniz algebra 
(.0! [') ’]g> *-*0 ■ 

Proof. Since (g© RD, [•, -jn, of) is a multiplicative Hom-Leibniz algebra, so we have 
[[ 'x,y] D ,a (D)\ d = [a(x), [y,D\ D \ D + [[x,D] D ,a (y)] D , 
that is D([x, y]) = [a{x), D(y)\ + [D(x), a(y)]. □ 

For G g A " 1 satisfying and k > 0, we define the map adfc(JT) G 

End(g) by 

ad k {3?){y) = [a k (y),x 1 , ■ ■ ■ ,x n _i],Vj/ G g. 

Lemma 3.5. The map ad *,( JF) is an a k+1 -derivation and is called an inner a k+1 -derivation. 

Proof. For any yi, ■ ■ ■ , y n G g, we have 

ad fc _i(^T)[j/i, • • • ,y n ] 

=W k [yi, ■ ■ ■ ,y n ],x i, • • • ,x n - 1] 

= [[« fc (l/i), • • • , a k (y n )\, a(a?i), • • • , a(iCn-i)] 


n 


5^[a fc+1 (j/i),- 

i =1 

■ • , a k+1 (yi_ i), [a k (yi), a(x i), • • 

, (^n—1)] 5 


n 

1=1 

• ■ , a k+1 (y.i- 1), adfc_i {$f){yi), • - 

■,a‘ +1 (</„)]■ 



Then adfc_i(JT) G Der^fc+i (8). □ 

We denote by Inn a fc(g) the K-vector space generated by all inner a k+1 -derivations. 
Proposition 3.6. The Inrpy (g) is a Hom-ideal of Der(g). 

Proof. (Der(g), [•,•], a) is a Horn-Lie algebra. We show that Inn(g) is a Hom- 
ideal. Let adfc_i (3£)(y) = [a k ~ l fy), X\, ■ ■ ■ , x n _i] be an inner cWderivation on g and 
D G Der ./ (g) for k > 1 and k' > 0. Then [.D, adfc_i( JF)] G Der Qfc+fc / (g) and for any y G g 

[L>,ad fc _i(^T)](r/) 

=L>[o fc_1 (r/), xi, • • • , i„_i] - [a k ~ 1 (D(y)),x i, • • • , x„_i] 

= [L>o; fc_1 (r/), a k (xi), • ■ • , a k (x n _i)] 

n —1 

+ ^{a k+k -1 (j/), a k (an), • • • , D(xi), ■■■ ,a k (x n _i)] 

i —1 

- [a k ~ l {Dy), a k (xi), ■■■ ,a k (x n _i)] 
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n— 1 

= ^2[a k+k _1 (y), Oi k (xi), ■ • • , D(xi), ■■■ ,a k (x n _i)] 

2 =1 
n— 1 

^Yy +k ~\y)^--' i D ( x i)i"- , x n-l] 
i =1 
n —1 

= ad fc+fc /_j(xi A • • • A D(xi) A • • • A x„_i)(j/). 

2=1 

Therefore, [F>, adj,_i( JF)] G Inn (g). And we have 

a'(ad fc _i(«^'))(j/) = adfc.^^T) o o(y) = ad fc (JF)(y). 

So the Inn Q fc(g) is a Hom-ideal of Der(g). □ 

4 cj-Derivations 

Definition 4.1. Let srf be a vector space equipped with an n-linear map c o : sA® n —> srf, 
a is a linear map on srf. A map f : srf —>■ srf is called an uj-a k -derivation if it satisfies 

n 

/(w(ai,--- , a n )) = J^a;(a fc ( a i)r • • ,/(©),• ■■ ,a fe (a n )); 

2=1 

f o a = a o f. 

Denote by Der^ fc (^/) the set of co-a fc -derivations of the vector space sf. For any 
/ G Der“ fc (^/) and g G Der^ s (^)> define their commutator [f,g] as usual: 

[/, g] = f ° 9 ~ 9 ° /• 

Lemma 4.2. For any / G Der^ fc (^/) and g G Der^-^O, we have 

[f,g\ G Der^ fc+S (^/). 

Denote by 

Der"^) = © fe > 0 Der^(^)- 

By Lemma 4.2, obviously we have 

Proposition 4.3. With the above notations, (Der w (^/), [*,-], a) is a Horn-Lie algebra, 
with a (/) = / o a. 

Lemma 4.4. If f G Der^ fc (^/) and f G Der^ fc (^/) , t/ien / G Der^ CT (^/). Here a : 
.r/®" —>• srf is also an n-linear map. 
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Proof. If / G Der w (.g/) and / € Der f7 ( I g/), then we have 

f{(uj + 5)(a 1 , ■ ■ • , a n )) 

=f(u(a i, • • • , a n )) + f(cr(ai, • • • , a n )) 

n n 

= ^ j uj(a k (a 1 ), ■ ■ ■ ,f(di ),■■■ , a k (a n )) + ^cr(a k (ai), ■ ■ ■ ,/(a*),— ,tt fc (a n )) 

4=1 4=1 

n 

= (w + cr)(a fc (ai), • • • , /(a*), • • ■ , c/(a n )). 

4=1 

So we get the conclusion. □ 

Example 4.5. Let (0, [-,-•• ,-],a) be a multiplicative n-ary Hom-Nambu algebra, we 
define c o : g 0n —> g 

u{x i, ■■■ ,x n ) = [xi, • • • ,x„] 

for any x ir • • ,x n G g. /// G Der(g), then f G Der^(g). 

Proposition 4.6. Let u>i : srf® ni srf be Ui-linear maps satisfying oji o a = a o uii for 
i — 1, ■ • • , k and let lo : srf® k srf be a k-linear map. If f G Hi=i Der^(«a^) D Der" t (^), 
then f G Der^ t (^) with a : srf® n —>• ii/ere n = ni + • • • + ncr(a\, ■ ■ ■ ,a n ) = 

uiufia^ • • ■ , a ni ), • • • ,a> fe (ai, • • • , a n J) and s = n - n k + 1 = n x H-b n fc _i + 1. 


Proof. On the one hand, we have 


f (<^(Ol, , ®n)) 

f (pJ (^1 (®15 ' ' ' j Qni ) j ' ' ' 5 ^k fis j ‘ ' ' j ®n) )) 
k 

5 ^ (^1 (fll, ' ‘ ' , d n i )),'■' , ,/' (^i (flmi 7 ' ' ' 7 dm ni ))>''' 7 CG (^fc (®*7 7 ) ) ) 

i=l 
k 

= ^uj(u 1 (a t (a 1 ), - ,a t (a ni ))),--- , f(cjfia mi , ■ ■ ■ ,a mn .)),--- , w fc (a f (a s ), • • • ,a;*(a n ))), 

4=1 


and here 


m ni 

f {pJi{o, mi , ■ ■ ■ , a mn . )) = 5 1 ( a m.i ) 7 ' ' ' 7 /( a mnj 7 ^ ( a m ni )) • 

i=l 


On the other hand, 


53 ^(^(ai), • • • , /(ai), ■ • • , o^aj) 

4=1 

n 

^ ^ (^ 1)5 ? ^ (^711 ))) 5 *5 (^Pl )? 5 f iflpt) >*)’*** J (^s)? 5 ^ (^7l))) • 

4=1 

So we have f(a(a u • • • , a n )) = <r(a*(ai), • • • , /(a*), • • , a*(a n )). □ 
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Lemma 4.7. Let u : £/®( n+1 '> —> srf be an (n + l)-linear map arid let pi : g x 0 —>■ g 6 e 
bilinear maps given by 

pfai ® • ■ • <8> a n , bi ® • ■ • ® b n ) = a fc (ai) <g) • • ■ <g) u;(aj, b ly ■ ■ ■ , b n ) (g> ■ • • <g> a fc ( a r))- 
i/ere g = and 1 < i < n. Suppose that f G Der^ 0 (=e/) and ip : g —> g is given by 

n 

<p(ai ® ■ • ■ <g) a n ) = ^ ai® ■ ■ ■ ® /(a,) <g) • • ■ <g) a n . 

3 =1 

T/?.en p G Der ^ 0 (,e/). 

Proof. On the one hand, we have 

</?(Ah(ai ® ® a n , b\ ® • ■ • ® &„)) 

=</?(a; fc (ai) <S> • • • <E> w(a*, h, ■ ■ ■ , b n ) <g) ■ • ■ ® a; fc (a n )) 

i—1 

= ^2 ak ( a i ) ® ■ • ■ <£> f oi k {aj) ® ■ ■ ■ ® u(a.i, b 1: ■ ■ ■ , b n ) ® ■■■® a k (a n ) 

3 = 1 
n 

+ ^ ® ® &i, • • • , &n.) ® • • • ® fa k (aj) ® ■■■® a k (a n ) 

j'=*+i 

+a fc («i) ® • ■ • 0 f(u(ai, , 6 n )) 0 • ■ • 0 a fe (a n ) 

i—1 

= ^2 ak ( a i) ® ® oi k f(aj ) 0 ■ • ■ 0 a;(aj, 6 i? ■ • • , 6 n ) 0 • • • 0 a k (a n ) 

i=i 

n 

+ ^ a fc ( a i) ® ■ • ■ 0 w(ai, 6i, - - - , 6„) 0 • • • 0 a k f(aj) 0 ■ • ■ 0 a k (a n ) 
j=i +1 
n 

+ ^ a fc (ai) 0 • • • < 8 ) a; (a*, &i, • • • , /(ft,-), • • • , b n ) 0 • ■ • 0 a k (a n ) 

3=1 

+a k (ai ) 0 • ■ • 0 u(f (a.j), &i,• • • , b n ) ® ■■■® a k (a n ). 
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The other hand, 

Hi(ip(a i ® • • • ® a n ), &i ® • • • ® 6„) + /^(ai ® • • • ® a n , (p(b i <g) ■ • ■ ® &„)) 

n 

=Pi(^2 Oi ® • • • ® f(cLj) ® ■ ■ • ® a n , 61 ® • • • ® 6 n ) 

i=i 

n 

+/ij(ai ® • • • ® a n , ^ 61 ® • • • ® /(&,) ® • • • ® 6 n ) 

i=i 

n 

= ^2 ® • • • ® /(%) ® • ■ • ® a n , bi ® ■ • ■ ® b n ) 

3 = 1 

n 

+ /Wj(ai ® • ■ • ® a n , bi ® ■ • ■ ® f(bj) ® ■ • ■ ® b n ) 

3= 1 
i—1 

= ^ a fc (ai) ® • ■ • ® a k f(aj) ® • • • ® uj(ai, bi, ■ ■ ■ , b n ) ® • • ■ ® a k (a n ) 

j=i 

n 

+ ^ a fc (ai) ® • • • ® a;(aj, &i, • • • , 6 n ) ® • • • ® a k f(aj) ® • ■ • ® a fc ( a n) 
j=*+i 

+a fc (ai) ® • • • ® a;(/(ai), 6 i, • • • A) ® • • • ® a fc (a n ) 

n 

+ ^ a fc (ai) ® ■ • • ® w(a*, 6 i, • • • , /(&,), • • • , b n ) ® • ■ • ® a fc (a n ). 

3 =1 

So we have 

&1 ® ■ ■ • ® &n)) 

=Hi(ip(a 1 ® • • • ® a n ), 6 i ® • • • ® 6 n ) + ® • • • ® a n , ip(bi ® • • • ® b n )), 

that is ip G Der^o(^). □ 

Theorem 4.8. (1) Let (g, [•, • • * ,-],«) be a multiplicative (n+l)-ary Hom-Nambu algebra. 
Then D n (g) is a Leibniz algebra with respect to the bracket 

n 

[cii ® • • • ® a n , bi ® • • ■ ® b n ] = ^2 a\ ® • • • ® [a*, b\y ■ ■ , b n \ ® ■ • • ® a n . 

i= 1 

(2) Moreover, if we define 

n 

[ai ® • • • ® a n , bi ® • ■ • ® b„] = ^2 tt(ai) ® • ■ • ® [a*, h, ■ ■ ■ , b n ] ® ■ • • ® a(a n ) 

i =1 

and a! : D n (g) —» Z? n (g) satisfying 

a (ai ® • • • ® a n ) = a(ai) ® • • • ® a(a ra ). 

T/ien (D n (g), [•, -^a/) is a multiplicative Hom-Leibniz algebra. 
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Proof. (1) From Lemma 4.7, let k — 1, and 

AL(ai ® • • • ® a n , 6i ® ■ • • ® b n ) = [oq, • • • , [a h bi,--- ,b n },--- ,a n ]. 

Fix xi, ■ ■ ■ , x n G 0, define /(a) = [a, aq,• • • , x n ] , p: D n (g) -)■ D n (g) is given by 

n 

p{a x ® • • • ® a n ) = ^ ai ® • • • ® /(a*) ® • • • ® a n . 
j =i 

From Lemma 4.7, we get p G Der^’ 0 (g). And from Lemma 4.4, we know 
p G Der^ 0 (g). Here /i = pi-\ -h fi n , and 

Af(ai ® • • • ® a n , bx ® • • • ® b n ) = [ai ® ■ • ■ ® a n , b x ® • ■ • ® b n \. 

p G Der^ 0 (g), that is 

p{p{a i ® • • • ® a n , bi ® • • • ® &„)) = p,(p(a 1 ® ■ • • ® a n ), &i ® • • • ® b n ) 

+/i(ai ® • • • ® a n , ® • • • ® &„)), 

that is 

® • • • ® a n , b x ® • • • ® b n ]) = [</?(ai ® • • • ® a n ), bi ® • • • ® b n \ 

+ [ai ® • • • ® a n , p(bi ® • • • ® b n )]). 

It is equivalent to 

[[ai ® • • • ® a n , bi ® • • • ® b n ] , ci ® • • • ® c n \ 

= [[ai ® ■ • • ® a n , ci ® ■ • • ® c n ], bi ® • ■ • ® b n \ 

+ [ai ® • ■ • ® a n , [bi ® • • • ® b n , c\ ® • • • ® c n ]]. 

So -D n (g) is a Leibniz algebra. 

(2) According to the definition of bracket, we have 

[[ai ® • ■ • ® a n , bi ® • • • ® b n \, a(ci) ® • • • ® a{c n )\ 

n 

= E a(ai) ® • ■ • ® [a*, 6i ® • ■ • ® 6 n ] ® • • • ® a(a n ), a(ci) ® • • • ® a(c„,)] 

7=1 

n 

— y^[a(ai) ® • ■ • ® [a*, bi ® • ■ • ® 6 n ] ® • • • ® a(a n ), a(ci) ® • • • ® a(c n )] 

7=1 

n 7—1 

=EE a 2 (ai) ® • ■ • ® [«(%), a(ci), • ■ • , oi(c n )\ ® ■ • ■ ® aQa*, &i, 

i= 1 i=l 

••• A])®---®a 2 (a n ) (1) 

n n 

+E E a 2 (ai) ® • ■ • ® a ([a*, &i, • • ■ , 6„]) ® • • ■ ® [«(%), a(ci), 

7=1 J =7+1 
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••• ,a(c n )] ® ■•■®a 2 (a n ) (2) 

n 

+ ^ a 2 (ai) <g> • • • ® [[a i5 &i ® • • ■ ® &„], a(ci), • • • , a(c n )] ® • • • ® a 2 (a n ). (3) 

i— 1 

In the same way, 

[[ai ® ® a n , ci ® • • • ® c n ], a(bi) ® • • • ® a(6 n )] 

n i— 1 

=££ a 2 (ai) ® • • • ® [a (a,-), a(&i)> • • • , a(6 n )] ® ■ • ■ ® a([a;, d <g> • • • <g> c n ])<8> 

*=i i=i 

•••®a 2 (a n ) (2') 

n n 

+£ £ a 2 (ai) ® • • ■ ® a([aj, ci <g) • • • ® c n ]) ® ■ • • ® [«(<%), a(0), • • • , a(6 n )]® 

2=1 ^‘=2+1 

•••®a 2 (a n ) (l') 

n 

+ ^2 a 2 (ai) ® ■ • • ® [[a*, ci <g> • • • <g> Cn], a(6i), • • • , «(&„)] ® ■ • ■ <g> a 2 (a n ). (3') 

2=1 

And 


[a(ai) ® ■ • ■ ® a(a n ), {b± ®> ■ • • ® b n , c± ® • • • ® c n ]] 

n 

= y^[a(ai) ® ■ • • ® a(a n ), a(&i) ® ■ • • ® [6*, ci, • • • , c n ] ® • • • ® a(b n )\ 

2=1 
n n 

=££ a 2 (ai) <g> • • • <g> [«(%), a(6i), • • • , [6*, d, • • • , c n ], • • • , a(6 n )] <g> • • • <g> a 2 (a n ). 

2=1 7 = 1 

( 3 ") 


Obviously, (1) = (l'), (2) = (2'), (3) = (3') + (3"), so 

[[ai ® • • ■ <g> a n , ® • • • ® 6 n ], «(ci) <8> • • • <8> a(c n )] 

- [[a, ® • • ■ <g> (i„. ci ® • ■ • ® c n ], a(bi) ® ■ • ■ ® a(6„)] 

+ [a(ai) ® • • • ® a(a n ), [&i ® • • • ® h„, c : ® • • • ® c n ]]. 

So (Z7„(0), [•, ^of) is a multiplicative Hom-Leibniz algebra. □ 

Moreover, we can prove 

Corollary 4.9. If g is a (kn + 1 )-ary Hom-Nambu algebra, then [•,••• , •], of) is a 
Horn,-Leibniz (n + 1)-algebra with respect to the following bracket 

[x 0 i ® • ■ • ® x ok , ■■■ , x n i ® • • • ® x nk \ 

— [xoi, ■■■ , Xi k , • • • , x n i, ■■■ , x nk ] ® a(x 02 ) ® • • • ® a(x Ok) 

H-h a(x oi) ® ■ • ■ ® a(x ofc _i) <g> [x ofc , x n , • • • , x nk \ 

and of : g® fc —>■ g® fc satisfying 

a (ai ® • • • ® dfe) = a(ai) ® ■ • ■ ® a(ofe). 
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5 Representations of n-ary Hom-Nambu algebra 


Definition 5.1. Let (g, [•,••• , •],«) be an n-ary Hom-Nambu algebra. We say M is a 
representation of (g, [•,••• , •], a), if M is a vector space with a multilinear map 
g® 1 ® M ® g®" 1 * —* M satisfying 

[fci, • • • ,x n ],a(y i), • • • ,a(y n - 1 )] 

n 

''f ^ In (^l), • • ’ 7 H {x%— l) 7 \ X i 7 :Vl 7 7 Vn— l] 7 H (*^i+l) 7 7 ^ (*^71)] 7 

1=1 

and one of x 1 , • • • , x n , y\, ■ ■ ■ ,y n in M , others in g. LTere o' : M © g —)• M © g satisfying 

a (x) = a(x), Vx G g; 
a (m) = m, Vm G M. 

Proposition 5.2. Lei M be a representation of (g, [■,••• , -],c/), and f : g® n —> M is 
an n-linear map. We define an n-bracket on H = M © g by 

n 

[(mi, xi), • • • , (m n , x n )} = (y^[xj, + /(xi, • • • , x n ), [x b • • • , x n ]) 

2=1 

and a : M © g —» M © g satisfying 

a (m,x) = (a(x),m),Vx G g, m G M. 

Then (. H , [•,••• , •], a/) is an n-ary Hom-Nambu algebra if and only if 

f([x 1 , ■■■ fXnl <*(j/i), • • • , a(yn-i)) + ,x n ), a(yi), • • ■ , a(y n -i)] 

n 

= • • • 7 fo, 2/1, * • • , J/n-l], • • • 7 a(®n)) (5.1) 

i=l 

+ [a(xi), • • • , /([Xi, 2/1, - - - , 2/n-i]), • • • , «(^n)D- 
Proof. On the one hand, we have 
[[(mi,xi), • • • , (m n ,x n )\,a (p^yf), ■ ■ • , a (p n -i, y n -\)] 

n 

= [E[ Xl > ■ ■ • 7 m *7 • ' • + f(x 1 , • • • ,Zn), [^1, • • • ,X n ]),a'(pi,yi), • ■ • , afrn-l, 3/n-l)] 

2—1 

n—1 n 

= ,«(«/n-l)] + EfciO" ,mj, ••• ,X n ] +/(xi,--- ,X n ), 

1=1 *=1 

a(j/i), ’ • ’ , <*(y n - 1 )] + /([afi, • • • r x n], a(yi), • • • , a(y„_0), [[x 1} • • • , x n ], a(j/i), • • • , a(?/n-i)]) 

n—1 

= E[[ Xl ’"' ’Li’ - - - Mvn-1 )], (1) 

1=1 
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( 2 ) 

( 3 ) 


Pi,'" : 

i n], H (l/l), 

, &(jjn— l)]) 



+(y~ipi, 

2=1 

" " " , llh, " " " , 

*£«], P^/l), " " " , a (lln— l)], 



Pi,'" : 

1 ^n], p2/l), " 

• ,a(2/n-i)]) 



+ ([/Pl,' 

, *^n), p2/l) 

, - - - , G:(l/n—l)], pi, , 3?n] 

7 £^(2/l)7 

• ,a(yn-i)D 

+ (/(P," 

, *£n], ® (l/l), 

" " " , l)), [[*^1> " " " , *^n] 

7 ^(l/l) 7 

, P?/n—l)]) 


The other hand, 

n 

- • • , a (m^i, ar*_i), [{m h a;*), (pi, j/i), ■ ■ ■ , (p n -i, 2/n-i)]> • ■ ■ , a(m n , x„)] 

2=1 

n 

= • , (p n -i, J/n-i)], • • * , (m„, a(i„))] 

2=1 

n n—1 

= 5Z[( mi > Q! ( a;i ))>"' , - ,2/n— i] + - ,y„_i]+ 

* = 1 J=1 

fip^ii 2 /l> i Un— l)j P, Vli , Un— l]), * ’ ' i ( m m a ( x n))] 
n n— 1 

=(5^5^[a(® 1 ),*’* a aj(a:i_i), [a?*, • • • ,Vn- 1 ],-" ,«Pn)], (l') 

*=1 j 1 

n 

^[api),' ‘' P,2/i, ■ • • ,J/n-i],a(®i+i), • • • ,a(®n)D ( 2 ') 

2=1 

n 

+ (^[a(x i ), • • • , a{xi- 1 ), [rrii, ■ ■ ■ , y u • * • , y„_i], • • • , a(x„)], ( 3 ') 

2=1 

n 

^ v [o^(^l)7 7 ^(^2—l)j [*^2) V\i 7 Un— l]? ^(^2+1)7 j ^(*^n)]) 

2=1 

n 

+(X^( Xl )’ * * * 7 afai-i), f(xi, 2 / 1 , — , 2/n-i), afct+i), • • • ,a(x n )], 

2=1 

n 

^ ^ [o^(«^l)7 5 ^(*^2— l)? [*^2? l/l? 7 Vn— l]? ^(*^2+1)7 7 ^-(*^n)]) 

2=1 

n 

+ E ‘ ’ a (^-l)’ fri, 2 /l> ’ * * 7 2 /n—l], «(^t+l), * * ‘ 7 «W), 

2=1 

n 

v [o^(«^l )7 7 ^(^2—1)7 [*^27 2 /l 7 7 2 /n— l] 7 ^(^2+1)7 7 ^(*^n)])* 

2=1 

Obviously, ( 1 ) = (l"), ( 2 ) = ( 2 ; ), ( 3 ) = (S'), so (JjT, [*,*•• , *],c/) is an n-ary Hom-Nambu 
algebra if and only if 

/01, • • • 7 ^n], ^( 2 / 1)7 * * * 7 OL(y n - 1 )) + [/Ol, • • • 7 %n) 7 <^( 2 / 1)7 • * * 7 ^(2/n-l)] 
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= ' 52 (f( a ( x l)**’- A X hVh--- ,Vn- 1 ],- ,a( x n)) 

i— 1 

~h(.ri),-* - ,/([^i, 2/i, - - - ,y n - 1 ]), — ,a(®n)])- 

Then we get the conclusion. □ 

Obviously, if the condition of the proposition 5.2 holds, then we obtain an extension 

0—)-M—)-i/—7-g—>0 
of n-ary Hom-Nambu algebras. Moreover, 

Proposition 5.3. This extension is split in the category of n-ary Hom-Nambu algebras 
if and only if there exists a linear map h : g —> M such that 

goo' = ol og; 


f(x i, • • • ,x n ) = •••,,•■• ,x n \ - h([x i, • • • ,x n ]). (5.2) 

i= 1 

An easy consequence of these facts is the following natural bejection: 

Ext(g, M ) = Z(g, M)/B(q, M ). (5.3) 

Here Ext(g , M) is the set of isomorphism classes of extensions of g by M, Z(g, M) is the 
set of all linear maps / : g® n —* M satisfying (5.1), and Z(q,M ) is the set of such / 
which satisfies (5.2) for some fc-linear map h : g —> M. 

We just to prove _B(g, M) C Z(g, M). In fact, if / satisfies (5.2), then 


/([xi, • • • ,x n ],o(r/i), • • • ,a(j/ n _i)) + [/(xi, • • • ,x n ),a(y i), • • • , a(j/ n -i)] 

=[/i([xi, • • • , x n ]), a(yi), • • • , a(j/n-i)] 

n—1 

^n],a(?/i),--- ,h(a(yi)),--- ,a(y n _ i)] -/i([[xi, • • • , x n ], a(j/i), • • • ,a(j/n-i)D 

i=l 

n 

A^^ 1 ’"' i x n],a(yi),--- ,ot{y n - 1)] - [/i([xi,-- - ,x n ]),a(yi), • • • ,a(y n - 1)] 

i=l 
n— 1 

= > x n]> a (2/i)> ■' • i h ( a (yi))r-- ,a(y n - 1 )] 

i= 1 

-/r([[xi, • • • , x n ], a(j/i), • ■ • , a(y n -i)]) 

n 

A 53 [ Xl ’’" ,— ,x„],a(yi), • • • ,a(y n - 1)]. 

2=1 
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( 1 ) 

( 2 ) 

( 3 ) 



And 


^2(f(a(xi), • • • , [xi, j/i, ■ • • , Vn- 1 ], • • • , <*(<&„)) 

2=1 

+ [a(xi), • • • , f([xi, yi, • • • , j/„_i]), • • • , a(x n )]) 

n i —1 

= X! 2/1 > • • • > 2/n-l], • • • , «(^n)] (3') 

*=1 J=1 
n n 

+ 5Z S i[ a; i>2/i».*” ,2/n-l],- •• ,/i(a(xj)),--- ,«W] (3”) 

2=1 J>=2+1 
n 

+ ‘ ’ Mfa, 2/1, * • • , 2/n-l]), • • • ,. «(^n)] (4) 

2=1 
n 

— h([a(xi), ■ ■ ■ ,[.r ; ./;,.••• - ,«(®n)]) ( 2 ') 

2=1 

n n— 1 

+ ^^[a(x 1 ),-- ,a(xi_i),[a;i, ••• ,%j),--- , y n -i], a(x i+ i), ■ ■ ■ ,a(x n )] (l') 

i =1 j=l 

n 

+ ^[a(xi), • • • , a(xj_i), [/i(xi), • • • , j/ n _i], a(x m ), • • • , a(a n )] (3"") 

2=1 

n 

- y>(.r,),.. • • ,a(a;;_i),h([a;;,--- ,y n _ i]), a(x i+ i), ■ • • ,a(a n )]. (4') 

2=1 

Since (1) = (1'), (2) = (2'), (3) = (3') + (3") + (3'"), (4) = -(4'), so / satisfies (5.1). 

Example 5.4. Let ( 0 , [•,••• , -],c/) be an (n + 1 )-ary Hom-Nambu algebra, M is a rep¬ 
resentation of g. Hom(g, M) is the set of isomorphism of g —»• M. One defines the 
maps 

[—, — ] : Hom(g, M)® —> Hom( g, M) 

: D n (g) ® Houi(q, M) Hom(g , M) 

by 

[f,x 1 ® • • ■ 0 x n ](x) = ~[f(x),x 1 ® ■ ■ ■ ®x n \, 

[x\ ® ■ ■ -®x n , f](x) = ~[f(x),x 1 ® ■ ■ ■ ® x n ]. 

Then (Hom(g, M), [—, —]) is a representation of D n { g) , here D n (g) = g® 71 . 
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